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Definition 1 (Kannappan, pp. 35) Let G be a group. G is called 2-divisible
group if and only-if there'is A € G such that
g=2h

forall'geG.

Definition 2 (Kannappan, pp. 2) A function 4 is said to be additive if
A(x+y) = A(x) + A(y)

for all x,y in its domain.



Example 3 (Kannappan, pp. 2) Let f:IR - R be a function defined by
f(x)=cx forall xeR and cis an arbitrary constant. Then fis additive, since
fx+y)=clx+y)=cx+cy=f(x)+ f(y)

forall x,yeR.

Definition 4 (Kannappan, pp. 221) A mapping B:GxG — F (G a group and
F=R or C)is called biadditive if B if additive in each variable; that'is, if B(s,y)

and B(x,») are additive in ().

Definition 5 (Kannappan, pp. 17) Let 4, : R" — R" /<4, is said to be
symmetric if and only if  4,(x,Xy,...,%,) = AlX(1ys X2y Xr(ny)  fOr every

permutation {z(1),z(2)...z(n)} of {1,2,...,71} where n is a positive number.

Definition 6 (Haruki and/Nakagiri, 2007) A skew-symmetric bi-additive function
A:GxG—C thatis
A(x,y) =—A(y,x),
A(x,y+z)=A(x,y)+ A(x,z),
and Ax+z,y)=A(x,y)+ A(z,x),

forall x,y,zeG.

Proposition 7 A skew-symmetric bi-additive function 4:GxG — C that is
A(x,x)=0
forall xeG.
Proof. Since A is a skew-symmetric bi-additive function, that is

A(x,y) =—A(y,x) (2.1)



Replacing y =x in (2.1), we get
A(x,y) =—A(x,x),
24(x,y)=0,
A(x,y)=0.

Thisis A(x,y)=0.

Definition 8 (Haruki and Nakagiri, 2007) Let (G,+) be a 2-divisible-abelian
group and C the field of all complex numbers. It is convenient to introduce

translation (shift) operators X”and Y’ for t € G defined by,

X' fx,p)=f(x+t,y) and ¥ f ()= fix, y+1)

forall x,y e G. In particular 1= X° =Y° denote the identity operators.

Proposition 9 Let G be a group’and Han abelian group. Let f:GxG — H.
If X"and Y'are translation (shift)operators, then X'Y’ f(x,y) =Y X" f(x,y)

forteG.

Proof. We consider

XY f(x,y) =X f(x,y+t)= f(x+t,y+1)
and

Y'X' f(x,y)=Y f(x+t,y)= f(x+t,y+1)
Then,

XY f(x,y)=Y' X' f(x,y).
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U p.e. 1970 Haruki finnsanaunisnay (The wave equation)
JO+t, )+ f(x=t,y)=f(x,y+0)+ f(x,y—1) (2.2)
Toedi f:R2 SR Fwawasiill fie f(x,y)=a(x,y)+ p(x—y)+B(x,y) e

a,f:R—>R Lﬁuﬁﬂﬁ%’ﬂm war B:R* >R 1Ju biadditive and skew-symmetric

U A.fl. 2001 Sahoo waw Szekelyhidi Aununatasyillusuilandurwdbou (the
general complex-valued solution) U8sENASTFTATUMNIRUNITNTDINRNOR
f(x+t9y+t)+f(x_tay)+f(xay_t) :f('x_tay_t)+f(x9y+t)+f(x+tay) (Wl)
dmiunn x,»,4,eG Uag f:GxG—C laghl G \ U1 24divisible abelian group wag C
[ ° a v @ 4
Juwnvesdnnuliou namaenily A

S () = B(x, ) #(x) +yp (y) + 2 (x—y)
dmsunn x,yeG el B:GxG—>C Uu biaddtive uay @y, y: G — C luilsidu
1n9)

1 v a = Y a sy o a v ] a

MananagiesuaeItuaun il duiieatuninses (W1) 9nduaunisds
HandundierlyussgnaldlumansmauiunasiaazaiunsariiAnuaansnLans19aIn
A Ingimaninesuieludagunin As amenudeiilafen nauaty Wethaindnand

HuNIsNsesRdnealagaunIsleilaidy (W1) udnzvilildnimniawande sadunimyum
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nnewe TunseuIun1snsesidnea Sahoo uax Székelyhidi llalnmefisnisveaowse

ASLUSWATUNITEUN S9N TUAINEa?

U A.A. 2007 Haruki wag Nakagiri 915841 the pexider type generalization of the

wave equation (2.2) Feaumsolul
hx+6 )+ H(x=1,y) = 06y +0) +14(x, y —1) (2.3)
ﬁww%’unﬂ X, ,t,eG UWaE f, 1o, f3,/4:GxG—>C Tnefl G P 2-divisible  abelian

< o a v [ a 1 &
group ey C iugnUaITnuIuGeu fmgufunsdelull

Theorem If f,, f5, f3, f4: GxG — C satisfy (2.3) for all x, y57.€ G, then there exist
(i) a skew-symmetric biadditive function 4:GxG = C,
(i) biadditive functions By, B, : GxG — €, and
(iii) arbitrary functions a, 8,8, ¢y, WsWo, 21, %, : G —>C

such that

Siay)=Ax, )+ Bi(x £y, x—y)+a(x+y)+ B(x—y)+ G (x+y)+y,(x— )+ 1, (2),
(6, 3)=A(x, y) =B (x+y,x—y)+a(x+y)+ Bx—y) -4 (x+y) -y, (x—y)— 1, (2y),
[ =A4(x,y)+By(x+y,20) +a(x+y)+ B(x—y) +d(x+ ) +y,(2x) + x,(—x + ),

Ja(x, ) = A(x, ) = By (x + y,2x) + a(x + y) + f(x = ) = (x + ¥) =, (2%) = 2, (=x + y).

1%
Y

7i9tl Haruki wae Nakagiri Sslévinaunisiausle (equivalent) fuaun1sit (2.2) fie aunisids
WAt 2 aunns dall
SO+t y+0)+ f(x+t,y—0)+f(x=t,y+0)+ f(x—t,y—1)

=y +20+ f(x,y=20+2f(x,y) (2.4)
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fx+t,y+0)+ f(x+t,y—t)+ f(x—t,y+t)+f(x—t,y—1t)

=f(x+2,y)+ f(x =20, y)+ 21 (x, ) (2.5)
ﬁm%unﬂ xy,t,eG Uy [:GxG—>C Iﬂ’&l‘ﬁ G Ju 2-divisible abelian group ey C

Juwsvesiruiudedou

U A 2013 3UNTANG 18ans1Ing way viivg) wuugas (C. Hengkrawit and K.
Naenudorn, 2013) lamaunisiiaute (equivalent) fuaunis (W1) Ingldnainves Haruki

uay Nakagiri 1ud 2007 Fanguiunsioluid

Theorem Equations
S+t y+0)+ f(x=t, )+ [,y =) =f(x =Ly )+ [ (x,y+O) + f(x+1,p), (W)
FA26y+0+ f(r,y+0)+ f(x =26, )4 f (X1, y—1)+ f(x —1,y —1)

= f(x=26,y—0)+ f(,y =D+ F (2t p)+ f(x—t, y+) + f(x+1,y+1), (W2)
and f(x+t,y+20+ f(x=Lys )+ f(x—1,y—0)+f (x+1, )+ [ (x, y—21)

= f(x—try =200 f et t,y =)+ f(x+ 1,y + 1)+ f(x—1, 1)+ f(x, +2£). (W3)

forall x,y,t eG areequivalent to each other under the assumption f:GxG—C.





